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Computational Singular Perturbation
Method for Dynamic Systems

reaction i, respectively. An observation fundamental to the
CSP method is that the representation of g(y) given by Eq.
(2), while perhaps physically meaningful, is not unique. In-
deed, a vector function may always be written in the form
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Introduction

CONVENTIONAL singular perturbation analysis of dy-
namic systems relies ideally on identifying small (or large)

parameters in the system equations. For reviews of singular
perturbation methods, see for example Refs. 1-3. In many
important problems, however, there are no physically identifi-
able small parameters and the system must be structured in
terms of artificially imposed time scales prior to analysis. This
has several disadvantages. First, the time-scaling procedure is
rather ad hoc and relies on physical intuition and system in-
sight. Second, the time-scale properties of a system are depen-
dent on initial conditions and other problem data. For a dis-
cussion of these issues as they relate to aircraft trajectory
optimization, see Ref. 4.

Recently, a new method of singular perturbation analysis,
called computational singular perturbation (CSP) by its au-
thors, has been developed to study complex chemical reaction
systems.5'6 This method does not rely on any a priori knowl-
edge of system behavior. Rather, it produces time-scale infor-
mation and corresponding approximate system behavior in the
course of a numerical solution. It provides a family of efficient
integration algorithms for stiff differential equations by al-
ways choosing the largest appropriate time step. Finally, it
automatically responds to changes in initial conditions and
other problem data.

In this Note, we will concisely review the CSP method and
illustrate its application to general dynamic systems by apply-
ing the method to two simple examples. The terminology and
symbolism of Refs. 5 and 6 will be used as much as possible.

Transformation of Dynamic Systems
We consider autonomous dynamic systems of the form

(1)

In Refs. 5 and 6, g(y), called the global reaction rate vector,
is the sum of several, say R, chemical reactions:

(2)

Following Lam and Goussis,5'6 S/F' is called reaction group
i; Si is the stoichiometric vector, and F* the reaction rate for
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(3)
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where the vectors a/ are a set of N linearly independent basis
vectors and the/7 are the projections of g along the a/.

Given a representation of g such as Eq. (2), we now derive
a formula for the reaction rates /' for any set of basis vectors
«/. Let b' be the set of AT vectors orthonormal to a,:

i,/=1,2,...., AT (4)

where 6j is the Kronecher delta. Now take the dot product of
b ' and g and use Eqs. (3) and (4):

b>-g = b' • £ ajf = £ (&'-a,)/' = £ dj -fJ =/;

Consequently, using Eq. (2),

/ ' = b' '• g = b' '• £ SrFr = £ (b'-S,)!*

(5)

(6)

which is the desired relation.
To illustrate these concepts, we introduce two simple exam-

ples. We will return to these examples later and apply the CSP
method.

Example 1 is a linear oscillator with small mass. Taking unit
values for the spring and damping constants and denoting the
mass by 8, the dynamic system is

1 1 1 (7a)

(7b)

where y\ is the mass velocity, y2 the displacement, and o(y\ty^
the applied force. One possible reaction group representation
of Eq. (7) has stoichiometric vectors and reaction rates as
follows:

/8

Noting that S\ and S2 are linearly independent, for an alterna-
tive representation we may pick
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From Eq. (4),

1), = (-8 -1)

and then from Eq. (6)

Equation (3) gives the global reaction rate vector in terms of
the new reaction groups as

- a)

which is clearly equivalent to the original formulation.
Now consider the free oscillator

dy2
dt (lib)

Example 2 is a nonlinear system considered first by Wasow7:

0 (12a)dyl
dt
dy2
dt (12b)

This system was analyzed and solved by Wasow using Vasi-
leva's method,8 and by Ardema1 using the method of matched
asymptotic expansions. The initial conditions stated in Eq.
(12) have the implication that y\(t)>0 and y2(t)>0 for all
t>Q. For this system, the boundary-layer equations are

dt

1- 1. (8a)

(8b)

Analysis by a conventional singular perturbation technique,
such as matched asymptotic expansions, reveals that this prob-
lem has two time scales. On the first time scale, / = 0(8), an
approximate set of equations (valid to zero order) is

dr (9a)

(9b)

where r= t/&. These equations are termed the boundary layer,
or zero-order inner equations. On the other time scale,
t = 0(1), approximate relations are given by the reduced, or
zero-order outer equations:

d>>2

(10a)

(lOb)

Now suppose that the singularly perturbed nature of Eq. (8)
is not known a priori. Is it still possible, with a numerical
algorithm, not only to efficiently solve the equations but to
deduce the time-scale properties? It is clear that the 0(1) terms
in Eq. (8) are the cause of the system behavior in the outer
region; in fact simply neglecting them gives the boundary-layer
Eq. (9). It is also clear that the 0(1/8) terms are the cause of
the boundary-layer behavior; neglecting them gives, however,

dt = 0

<$-».
which are not the same as the reduced Eq. (10). In the CSP
method, the global reaction rate vector is transformed into a
sum of ordered reaction groups such that neglecting one of the
reaction groups gives the correct second-order differential
equation form of the reduced system, namely:

dt (Ha)

dr

and the reduced equations are

dt = y\

(13a)

(13b)

(14a)

(14b)

As before, simply discarding the boundary-layer terms in Eq.
(12) gives

= 0dyi
dt
dy2
dt

whereas the correct second-order form of the reduced equa-
tions is

TT-.F2 (15a)

(15b)

Computational Singular Perturbation Algorithm
In the CSP method of Lam and Goussis, g(y) is represented

"optimally," that is, as a sum of reaction groups ordered
according to the rate of change of their reaction rates. The
fastest reaction rates are monitored according to their relative
numerical contribution to g ; when this contribution is insignif-
icant, the corresponding reaction group is simply dropped
from the global reaction vector, and the integration time step
is increased to a value consistent with the next fastest reaction
group. The process then continues as before with the remnant

We begin by writing g as the sum of a fast and a slow part:

g = g f + gs (16)

and then put gf in terms of fast reaction groups

where n is the number of fast reactions under consideration for
elimination. As before, introduce a set of vectors b* such that
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a/ and b' are dual sets of real basis vectors of the fast subspace or
ofg:

(18)

and require that the gs be orthogonal to b1:
A =

M/

Taking the dot product of b' and g and using Eqs. (2) and
(16-18) gives an expression for/1:

/=!

R

• J} I
r=l

(19)

The slow part of the global reaction rate vector is determined
from Eqs. (16), (17), and (19) as follows:

(20)

where / is the identity matrix.
It is the percentage rate of change of the/' that is needed to

order the reaction groups; to this end, differentiate Eq. (19) to
give

d/' dbl

where

dg
J = — = Jacobian of gdy

Now define a matrix A = {Aj} by

(21)

(22)

(23)

We call A the rate matrix, because if it is diagonal, the diagonal
elements are the normalized rates of change of the reaction
rates/1. Then, from Eqs. (19), (21), and (23),

which implies that

db' n

—— = ^A}

Afri
——

1 = 1,2,...,* (24)

Taking the dot product of this equation with ak and using Eq.
(18) gives an expression for Aj^:

—dt i,* = 1,2,..., ji (25)

Now note from Eq. (25) that if the ak are constant vectors,
then the b1 are as well and Aj. becomes simply

\i
k=biJ.ak, i,* = l , 2 , . . . , / i (26)

and that if, additionally, b' is a left eigenvector of J with
eigenvalue ju/, then

Consequently, the eigenvalues of the Jacobian J are directly
related to, but generally not identical with, the "optimal"
normalized reaction rates. This is a familiar result from singu-
lar perturbation theory for linear systems. To summarize,
given n and ^'(O), Eq. (24) may be integrated for b'(t) and then
tti(t) determined from Eq. (18).

When discretizing this procedure for use in a numerical
algorithm, there are several options. One algorithm, described
by Lam and Goussis,6 is generally as follows:

1) At t = 0, choose n = 1, ai = a,(0), and b l(Q) = ftl(G) where

(28a)

(28b)

and ^i(0) is the largest eigenvalue in magnitude of 7(0), as-
sumed to be negative. (Boundary-layer stability is of course
still required. In Lam and Goussis's terminology, a negative
eigenvalue signals a relaxation group and potential boundary-
layer behavior, whereas a positive eigenvalue signals an explo-
sive group.)

2) Integrate Eqs. (1) and (24) forward in time, with a\ con-
stant but periodically upgraded to keep it orthonormal to d1,
with time step Af = 0(1/^(0)).

3) When the magnitude of g/ is sufficiently small compared
with that of gs, discard gf from the system equations and
proceed as before with the remnant of g.

There are, of course many variants on this idea. The vector
a\ has been treated as a constant for the purpose of numerical
integration because Eq. (26) is easier to use than Eq. (25) for
the integration of Eq. (24), but this is not necessary. It may be
desirable or even necessary to pick n > 1. For example, if sev-
eral negative eigenvalues all have similar large magnitudes, it
may be best to group the corresponding reaction groups as
fast. Also, complex conjugate eigenvalues will have to be kept
together in pairs. If several reaction groups are kept in #/, they
are ordered according to reaction rate, with a\9 bl correspond-
ing to the fastest fast reaction group and ant bn to the slowest
fast reaction group.

Examples
Let's first return to example 1, the free linear oscillator with

small mass, Eq. (8). Application of CSP to linear time-invari-
ant systems is rather trivial but useful for illustration. For this
system, /is constant so that «/, j8', and ji/ are constant, which
in turn implies that a/ and b' are constant. Indeed, from Eqs.
(24) and (27), a/ and b1 are the right and left eigenvectors of
7, respectively:

/ = «/» (29)

The Jacobian and its eigenvalues for the system of Eq. (8) are

-1/8 -1/8
1 0

(27) 28
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The largest eigenvalue in magnitude is

28

and, since this is negative, we have a boundary-layer situation.
From Eqs. (28) and (29),

where from Eq. (18)

Proceeding with the CSP algorithm, we next use Eq. (19) to
compute/1:

constant over each integration step. When \gf\ < \gs | , we are
in the outer region and 'gf is discarded and the integration step
size is increased to. Af = 0(1).

To verify the performance of the algorithm in the outer
region, we note that db l/dt tends to zero as time is increased.6
Consequently, we make the approximation dbl/dt =0, giving

Taking only the leading terms gives the approximations

with

Applying the CSP procedure,

This allows determination of gf from Eq. (17),

and of gs from Eq. (20),

It is easily checked that g =*gf+gs. Expanding gs shows that

(gSl\ ( 3;2+Sty1 + 3^ 2)+••• \
I * I -rr I I

> + • • • /

so that if gf is discarded, the remaining equations agree with
the zero-order outer system, Eq. (11), to zero order. Conse-
quently, a numerical implementation of the CSP algorithm for
this problem would capture all of the features of a conven-
tional singular perturbation analysis.

Finally, consider the nonlinear example 2, Eq. (13). The
Jacobian and the fast eigenvalue are

J~

both of which are now time-dependent. The eigenvectors of
/are

«!=

with

According to CSP, we choose at t = 0,

Equations (12) and (24), with A^ given by Eq. (26), are then
integrated forward with Af = 0(l//*i(0)) = 0(S), holding a\

Comparison with Eq. (15) shows that the method captures the
reduced solution in the outer region exactly.

Concluding Remarks
The application of a new method of solution of stiff systems

of differential equations to dynamic systems has been reviewed
and illustrated with simple examples. It has particular appli-
cation to complex (nonlinear, high-order) systems for which
conventional singular perturbation techniques are inadequate
or cumbersome. It does not rely on identification of small
parameters or other a priori time-scale information. In addi-
tion to providing an efficient numerical integration algorithm,
it can reveal the time-scale separation information.
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